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Abstract 
Optical embedded eigenstates are localized modes of an open structure that are compatible to radiation 
yet they have infinite lifetime and diverging quality factors. Their realization in nanostructures finite in 
all dimensions is inherently challenging, because they require materials with extreme electromagnetic 
properties. Here we develop a novel approach to realize these bound states in the continuum using 
ultrathin metasurfaces composed of arrays of nanoparticles. We first show that arrays of lossless 
nanoparticles can realize the condition for embedded eigenstates, and then explore the use of Ag 
nanoparticles coated with gain media shells to compensate material loss and revive the embedded 
eigenstate despite realistic loss in plasmonic materials. We discuss the possible experimental 
realization of the proposed structures and provide useful guidelines for practical implementation in 
nanophotonics systems with largely enhanced light-matter interactions. These metasurfaces may lead 
to highly efficient lasers, filters, frequency comb generation and sensors. 
Keywords: Embedded eigenstates, plasmonic metasurfaces, loss compensation, strong light 
localization, high Q-factor 
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1. Introduction 
The efficient interaction of light and matter is a cornerstone of modern light science, paving the 
way to several key applications in nanophotonics. Examples include on-chip integrated photonic 
devices [1–3], lab-on-chip technologies [4], medical biosensing [5], and many other areas. The 
efficiency of light-matter interactions is mainly determined by the quality factor Q  of an optical 
resonance [6], which describes the ratio between stored energy and total loss in the system. The higher 
Q -factor makes light-matter interaction stronger. Losses, limiting the value of Q-factor, in a resonator 
are of two types, related to dissipation ( dissQ ) and leakage ( leakQ ) of energy (radiation). To make light-
matter interactions as strong as possible, it is highly desirable to reduce both dissipation channels. 
Dissipative losses can be significantly reduced by using low-loss materials, such as optical glasses 
(SiO2, Al2O3), high-permittivity dielectrics and semiconductors (Si, diamond) [7–9], and by utilizing 
materials with gain [10,11]. Great efforts have been spent to reduce dissipative losses in plasmonic 
materials [12,13], making them more suitable for nanophotonics applications besides sensing. 
Suppression of radiation losses in open electromagnetic systems is also possible, in particular in 
translationally invariant structures in one or two dimensions, when their momentum is not compatible 
with radiation, such as in optical waveguides. For nanostructures, which are finite in all dimensions, 
suppressing radiation losses is more challenging, since an accelerated charge inherently radiates 
electromagnetic energy. However, it has been demonstrated that suitable current distributions can be 
tailored to not radiate, for instance when they oscillate in a purely transverse or radial fashion [14,15]. 
Attempts to find open non-radiating systems have been ongoing for a long time, from classical 
electromagnetics, for instance to explain the non-uniqueness of tomographic imaging and for cloaking 
problems, to atomic physics to explain the atom stability and the anomalous features of neutrinos and 
dark matter [16,17]. 
Systems that can self-sustain polarization or conduction current distributions that do not radiate 
support embedded eigenstates (EEs) [18] within the radiation continuum. These states possess a 
diverging Q factor and infinitely narrow bandwidths, provided that the system has also vanishing 
dissipative losses. EEs can be trivially realized exploiting symmetries that forbid radiation, but 
recently also non-symmetry-protected EEs have been predicted and experimentally realized [19]. 
Because of reciprocity, EEs cannot be excited by freely propagating excitation, since absence of 
radiation implies zero coupling to the external world. Nonetheless, small detuning from the ideal EE 
regime establishes an extremely narrow Fano resonance [20], whose Q factor is essentially unbounded 
as we get closer and closer to the ideal condition. In other words, open systems supporting EEs 
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provide an ability to localize light without limits, and thus extremely enhance light-matter interaction 
processes, such as low threshold lasers [21], frequency generation [22], and many others [18]. 
Embedded eigenstates, both symmetry protected and not, have been observed and studied in many 
open optical systems in recent years, including 1D and 2D photonic crystals [19,23–27], optical 
waveguide arrays [28,29], 1D quantum-well-based heterostructures [30], and waveguiding structures 
that contain anisotropic birefringent materials [31]. The experimental investigation of EEs and their 
coupling to free-space due to small perturbations, has been explored in Ref. [32]. The topological 
nature of EEs has been revealed in Ref. [33], offering important opportunities to induce and control 
them in a robust way. 
 
Figure 1. Schematic representation of the geometries under consideration: (a) 1D structure based on 
dielectric slab placed between two plasmonic metasurfaces consisting of Ag nanoparticles; (b) 2D 
structure based on a dielectric cylinder covered by Ag plasmonic metasurface; (c) 3D structure based 
on a dielectric sphere covered by Ag plasmonic metasurface. 
Light-matter interaction processes and Purcell emission enhancement depend on the ratio Q/V, 
where V is the mode volume. Therefore, while EEs in 1D and 2D structures may provide unbounded 
Q factors, their large modal volume implies that interaction enhancements are limited [34]. Thus, the 
realization of 3D structures possessing EEs would open exciting opportunities. However, for an open 
3D structure to support a truly bounded EE within the continuum of radiation, it is necessary that the 
structure is covered by a material with extreme constitutive parameters, such as    ,    , 
0  , or 0   [18,35]. 3D structures supporting EEs in the form of nanoparticles with epsilon-near-
zero (ENZ) shells [35–37] and more complicated metamaterial systems [38] have been theoretically 
proposed. Yet, realistic ENZ phenomena are typically associated with dissipation losses [39], which 
would hinder the phenomenon, making the realistic verification challenging.  
The necessity of using extreme parameter metamaterials to realize EEs in 3D structures stems 
from the assumption that the design is based on volumetric metamaterials. Here, on the contrary, we 
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explore the use of ultrathin metasurfaces to avoid the need of extreme metamaterial parameters and 
simplify the design and realization of 1D, 2D, and 3D metastructures supporting non-symmetry-
protected EEs. The approach is based on engineering a metasurface consisting of resonant 
nanoparticles in order to achieve a desired effective metasurface conductivity. We show that if the 
metasurface is coupled to a dielectric resonator whose resonance is aligned with the metasurface 
resonance, EEs with a diverging quality factor can be induced, at least in the absence of dissipative 
losses. More specifically, we investigate EEs in 1D, 2D, and 3D structures sketched in figure 1, based 
on a dielectric core covered by metasurfaces. The dielectric core is a planar slab [1D, figure 1(a)], a 
cylinder [2D, figure 1(b)], or a sphere [3D, figure 1(c)], and it is characterized by a relative 
permittivity d  and a relative permeability 1d  . For our design, we assume that the metasurface 
consists of metal (Ag) nanoparticles of radius r , periodically arranged with period a  and gap g (g=a-
2r) at the boundary of the dielectric core. The entire system is embedded in free space with relative 
permittivity 1h  . Given that also Ag is not lossless, we also explore the use of gain to compensate 
material loss and revive the embedded eigenstate condition even when considering realistic material 
loss. The proposed structures can be fabricated by lithography methods [40,41], laser-assisted methods 
[42], or self-assembly [43–45], which may allow to produce monolayers of metallic nanoparticles even 
on spherical surfaces [46]. 
2. Embedded eigenstates in 1D metastructures 
We start our analysis with the investigation of the optical properties of a single metasurface 
consisting of periodically arranged silver nanoparticles (AgNPs) with period a  located in free space. 
Ag permittivity 
p  is taken from experimental data [47]. We model the array with an effective 
conductivity eff ( , ) k , taking into account retardation, full-wave coupling within the array, and 
spatial dispersion, which manifests itself in the dependence of eff  on the wavevector of the incident 
wave k . All these effects can be rigorously taken into account using the dynamic interaction constant 
( , )C k  for a lattice, known from the literature [48] , and provided in Appendix A. Under an 
exp( )i t , the metasurface effective conductivity can be written in the form [49] 
1
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Figure 2. (a) Planar metasurfaces supporting an embedded eigenstate. (b) Reflectivity spectrum as a 
function of the angle of incidence   and wavelength, for 1d  . The insets denote areas highlighted 
by white circles in high resolution. (c) Reflectivity spectra vs. wavelength for different angles; inset: 
extracted quality factor. (d) Numerically calculated electric field distribution near the EE condition. 
where 
0  is the free-space magnetic permeability, 2 /c    is the angular frequency,   is the 
wavelength, 3
0 16 /i a k   is the electric dipole polarizability of a single nanoparticle, 1a  is the Mie 
scattering coefficient [50]. We assume transverse-electric excitation
inc 0
ˆE E x , which is well suited to 
establish EEs in purely electric ultrathin metasurfaces. The conductivity spectra for different 
metasurface parameters are presented in the Appendix B. For example, a Ag metasurface with 
nanoparticles of radius 10r   nm, period 25a   nm, and gaps of 5 nm (large enough to avoid 
quantum tunneling phenomena [51]), supports the resonant condition 
effIm[ ( , )] 0  k  at the 
wavelength of 375.5 nm. This resonance is sustained by the plasmonic resonance of the individual 
AgNPs, which arises at  =355.7 nm. The metasurface resonance is red-shifted because of the array 
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coupling. At resonance, the surface looks like a perfect electric conductor, in the limit of negligible 
loss, but importantly this response is limited to a narrow frequency window. 
Given the effective metasurface conductivity eff ( , ) k , we can calculate the transmission of a 
layered structure (see Appendix B) composed of multiple metasurfaces [52]. In particular, we are 
interested in the 1D geometry in figure 2(a), which is formed by a dielectric slab with permittivity d  
and thickness h , placed between two AgNP metasurfaces. If we neglect loss, assuming Im[ ] 0p  , 
Figure 2(b) shows the reflectance spectrum as a function of incidence angle   for 300h   nm, 1d  , 
TE polarization and period 25a   nm. We note that the spectrum has a singularity, highlighted by the 
white circle. In this regime, the metasurface resonance overlaps with the Fabry-Perot resonance 
longitudinally supported by the two metasurfaces, and the resonance feature has an unbounded Q 
factor, as an evidence of an embedded eigenstate. Similar to the case of ENZ materials [34], in which 
the condition for an embedded eigenstate is the overlap of a material resonance and a geometric 
resonance of the structure, here the metasurface resonance and Fabry-Perot resonance of the 
metasurface pair support a similar response. We note, however, that here it is not necessary to rely on 
extreme material parameters if we consider the use of metasurfaces, and that the response can be tuned 
by changing the metasurface design, shifting its resonance frequency, without special constraints on 
the material properties. Importantly, different from ENZ-based EEs, here the response arises for TE 
polarization, not transverse-magnetic (TM).  
If we slightly detune the incident angle or wavelength, an extremely narrow dip in the 
spectrum is observed, figure 2(c), whose Q factor is in principle unbounded as we get closer and closer 
to the EE condition [53]. The inset in figure 2(c) shows the extracted values of quality factor of the 
system, while figure 2(d) shows the distribution profile of the magnitude of the electric field near the 
EE condition. One can note that the electric field is largely enhanced in the structure, despite the fact 
that the scattering from the structure is zero, and at the exact EE condition full transmission is 
achieved. This is because the field and current distributions induced by the wave are ideally non-
radiating.  
Figure 3(a) demonstrates the realization of the EE condition (highlighted by the white circle) in 
metasurfaces bilayer separated by SiO2 ( 2.25d  ), showing that a change of dielectric in the 
resonator does not affect the possibility of inducing a bound state in the continuum. Figure 3(b) reveals 
the effect of varying the array period, showing that the EE appears only when the parameter a  is 
sufficiently small. If one increases the parameter a, the EE condition changes and at some point for a 
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large enough period other diffraction orders appear and the EE condition cannot be met any longer. 
Figure 3(c) shows that the EE condition depends on the angle of incidence , and it can be satisfied at 
only one specific angle at a fixed wavelength. 
 
Figure 3. (a) Reflectivity spectrum as a function of incidence angle   and wavelength, for a slab 
permittivity 2.25d  . (b) Reflectivity spectrum vs. wavelength and gap g between nanoparticles ( a -
2r) for incident angle 51  . (c) Reflectivity spectrum vs. incident angle and gap between 
nanoparticles for wavelength of 360 nm. 
 
Figure 4. (a) Reflectivity spectrum as a function of the angle of incidence ( ) and wavelength for 
1d   and realistic losses in AgNPs. (b) Reflectivity spectra vs. wavelength: lossless metastructure 
(red curve), metastructure with real dissipative losses in Ag (blue curve), and metastructure based on 
core-shell nanoparticles with lossy Ag core and shell with gain. The incident angle is 49 . 
EEs are eigenstates of the system, i.e., steady-state solutions that can be supported without 
excitation, because of the infinite quality factor. However, any physical system has some finite amount 
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of loss. Therefore, EEs usually manifest themselves as quasi-embedded eigenstates [18]. Figure 4(a) 
shows the reflectivity spectrum as a function of angle of incidence and wavelength for realistic 
dissipative losses in AgNPs; the other parameters are the same as in figure 2(b). In this scenario, a 
quasi-EE occurs with a specific feature in the reflectivity spectra, which conserves the topological 
properties of the EE, but without a diverging Q-factor [21]. For instance, the blue curve in figure 4(b) 
shows the reflectance spectrum for a 1D metastructure with real losses at incidence angle of 49o. The 
red curve shows the resonance of the structure without dissipation, for comparison. The presence of 
loss limits the Q factor, and an approach to compensate for them should be developed in a realistic 
system. 
In order to compensate Ohmic losses, we assume that the AgNPs are covered by a gain shell 
with thickness
sr . The permittivity of the gain layer is modeled using a single inverted Lorentzian [54] 
2
2 2
,exex
ex ex
f
i

 
   
 
 
      (2) 
where ex is the permittivity of the gain medium. We note that this method of involving the gain in a 
system is well proved in different systems [54,55]. Our calculations show that for the following 
parameters: 8r   nm, 5sr   nm, 5g  nm, 1.2  , 0.02f  , 3.47ex  eV and 0.22ex  eV, 
the overall loss of the 1D metastructure is significantly suppressed, leading to a revival of the EE 
regime, figure 4(b, green curve). 
3. Embedded eigenstates in 2D and 3D metastructures 
A similar analysis can be extended to a 2D structure based on a dielectric cylinder with radius 
cR  covered by a Ag plasmonic metasurface, as sketched in figure 5(a). The normalized scattering 
cross section 
cylinderS  of such system can be written as [50] 
2
cylinder
0
| | ,n n
n
S s


        (3) 
where ns  denotes the scattering coefficients that can be expressed as 
0 0
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0 0
( ) ( ) ( )
,
( ) ( ) ( )
n c n n c n c
n
n c n n c n c
J k R t J k R J kR
s
H k R t H k R J kR
 
 
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where eff 0 0( ) / ( )n d n c n ct J kR i J kR       , 1n   for 0n   and 2n   for 0n  , 0 dk k  . 
The functions nJ  and 
(1)
nH  are the n-th order Bessel function of the first kind and the Hankel function 
of the first kind, respectively [50,56]. The results for 
cylinderS  when 10r   nm, 2g  nm, and 
2.25d   (SiO2) are shown in figure 5(b). The EE condition (highlighted by a white circle) appears 
when the resonance of the metasurface coincides with the resonance of the dielectric cylinder. In this 
scenario, a pole and a zero of the scattering coefficient coalesce at the same real frequency, leading to 
an EE. The inset shows this evolution with high resolution.  
We note, that the cylinder radius must be sufficiently large to enable a metasurface with small 
nanoparticles. Figure 5(c) shows the normalized scattering cross section spectra for different cylinder 
radii. The inset demonstrates that the Q-factor diverges with increasing cylinder radius. Thus, the 
proposed approach enables the design of open 2D structures supporting non-symmetry-protected EEs. 
The method of loss compensation developed above can be applied also here to reduce dissipative 
losses, and even radiative loss occurring when the radius cR  is not sufficiently large. 
 
Figure 5. (a) 2D embedded eigenstate using metasurfaces. (b) Reflectivity spectrum as a function of 
the wavelength and radius of the cylinder ( cR ). Insert denotes the area highlighted by a white circle in 
high resolution. (c) Reflectivity spectra vs. wavelength for different cylinder radius; inset: extracted 
values of the quality factor. 
Following similar lines, we can also consider fully 3D geometries, such as a dielectric 
spherical core with 2.25d   (SiO2) and radius sR , covered by a AgNP-based metasurface, figure 
6(a). The scattering cross section can be found following Mie theory applied to metasurface-coated 
spheres [57,58] 
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where na  and nb  are scattering coefficients 
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  (6) 
where d
s
h
n


 , and 
0s sk R  . The Riccati-Bessel functions n  and n  are defined in terms of the 
spherical Bessel functions of the first and third kind, respectively [50]. 
 
Figure 6. (a) 3D embedded eigenstate metasurface. (b) Reflectivity spectrum as a function of 
wavelength and radius of the core sphere sR . The inset denotes the area highlighted by a white circle 
in high resolution. (c) Reflectivity spectra vs. wavelength for different sphere radii; inset: extracted 
values of quality factor. 
The calculation results are summarized in figures 6(b),(c): the normalized scattering spectra 
support a number of EEs (for different radii sR ), and one of these is highlighted by a white circle and 
zoomed in the inset, figure 6(b). Figure 6(c) shows the normalized scattering cross-section spectra for 
different radii sR . The inset demonstrates that the Q-factor diverges as the radius approaches the EE 
condition of 154 nm. Thus, the proposed approach allows one to design 3D structures supporting EEs 
that do not require the presence of extreme metamaterial parameters.  
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Importantly, we would like to stress that in our calculations we have used a homogenized 
model for the metasurface, based on Eq. (1), which neglects the finite spacing between neighboring 
nanospheres and the associated higher-order Floquet harmonics. In the 3D geometry, as this spacing 
becomes comparable to the free-space wavelength, this approximation becomes less and less accurate, 
and radiation loss associated with these higher-order harmonics are expected to significantly affect the 
Q-factor of the described phenomena. In practice, even in total absence of Ohmic loss, the finite 
granularity of the metasurface is expected to fundamentally limit the Q-factor of the system, and 
deeply subwavelength spacings should be preferred to approach, in the limit of zero spacing, the EE 
condition. 
4. Summary 
In summary, we have shown that suitably designed 1D, 2D, and 3D metastructures can support 
embedded eigenstates and bound states in the continuum, without requiring extreme material 
parameters. The approach is based on engineering metasurfaces with desired effective resonant 
conductivity, which is coupled to a dielectric resonator or a waveguide. The coupling of two 
resonances, and suitable destructive interference between them, provides bound states in the 
continuum with a diverging quality factor, at least in the absence of dissipative losses, and in the limit 
of infinitesimal granularity of the surface. We have shown that using Ag nanoparticles coated with 
gain media can compensate the material loss and revive the embedded eigenstate in an Ag 
metastructure with real material parameters. Finally, we discussed possible methods to realize the 
proposed structures and provided useful guidelines for practical implementations of nanophotonic 
systems with extremely enhanced light-matter interaction. 
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Appendix A. Dynamic interaction constant 
Here we adopt ( , )C k  for a 1D structure, which has equivalent periods in both directions [48]: 
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wavevector, respectively. 
Appendix B. Conductivity spectra for different parameters of the AgNP-based 
metasurface 
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Figure B1: The imaginary part of conductivity spectra for different parameters of the AgNP-based 
metasurface. (a),(c) The conductivity of the lossless metasurface for r = 10 nm and different g (gap, 
g=a-2r) (a), and for g = 5 nm and different r (c). (b),(d) The conductivity of the lossy metasurface (the 
permittivity of silver taken from Ref. [59]) for r = 10 nm and different a (b), and for g = 5 nm and 
different r (d). 
The conductivity spectra for different parameters of the AgNP-based metasurface are presented in 
figure B1. 
Appendix C. T-matrix formalism 
For a given metasurface conductivity eff ( , ) k  (Eq.1), we can define a T-matrix for a layered 
structure [52] in form 
1 2
ij ij ij ijT D P D   ,      (C1) 
where matrix 
1
ijD  and 
2
ijD  describe propagation through first and second Ag-based metasurfaces and 
matrix 
ijP  refers to the dielectric layer, which in TE polarization can be expressed in the following 
form: 
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0  is the vacuum permeability, h  
is a thickness of the dielectric slab. 
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